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Introduction

ECENTLY papers!? concerning a strained coordinate

method for discontinuous transonic flow problems have
appeared in the literature. In particular, the application of
this technique for a linear interpolation or extrapolation
between two known results has raised some questions
regarding the relationship of the strained coordinate
technique to normal interpolation procedures. Some con-
fusion also seems to have occurred regarding the treatment of
the Oswatitsch-Zierep? ‘‘shock foot singularity.” It is the
purpose of this Note to examine these questions and
(hopefully) finally resolve them.

Analysis

In Fig. 1 a typical velocity distribution for transonic flow
u(x) is sketched. This is the curve ABCD. A shock wave is
present, denoted by the line BC, with the shock foot
singularity at the point C. At C, the derivative du/dx is
fogarithmically singular. A second transonic flow, related by
some small parameter change to the first, is represented by the
curve ABCD. The purpose of a linear interpolation procedure
is to obtain a third solution, A B” C”D from the first two
(known) solutions,

Let the difference between the ABCD and AB'C’D
solution be characterized by the small parameter ¢, and the
difference between AB”C” D and ABCD characterized by e.
The shock locations C, C’, C” are denoted by x/, x,, x.. In
both the strained coordinate method and linear interpolation
the new shock location is

X, =x¢+ (e/€y) (X, ~x]) (1)

Consider now the velocity distribution #(x) in the region AB
where no discontinuities or singularities appear. The strained
coordinate method gives?

uxy =uy(x") + (e/eg) [u; (X) —up(x") ] @

where u, (x’) refers to ABCD, u, (x) refers to AB’C’D. The
physical coordinate is x” and

X=x"+0xx, (x") 3)

X=x"+(€e/€9)bx,x; (x") @
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and

Ox, =X, — x| (5b)

A normal linear interpolation procedure gives
u(x)=ug(x)+ (e/¢p) [, (x) =1y (x)] (6)
Now from Egs. (3) and (4)
x=x"+ (e/ey)bx;x;(x")
x=x+[(e/€ey) —1]1b6x.x,(x")

and thus, by a Taylor series expansion,

€ du
g (X) =g (X') + —bx.x, (x") ax", oL
0
. € ;. ouy
u1(x)=u,(x)+(6——1>6xsx,(x) % +... (O
0

Substitution of Eq. (7) into Eq. (6) and retaining only linear
terms in 6x; and e gives

e+ (- gu 3uo]
u(x)_ua(x)+60(60 1)(3)(5)c,()c)[a)Z 3x’

+ S Luy (%) —up (x7) ] @®)
€9

If, as will be the case in region AB,

ou, 6u0]

[ % “ax |0 ©)
then the second term on the right of Eq. (8) can be neglected
and it may be seen that the strained coordinate method and
linear interpolation are equivalent. A similar equivalence
occurs in the region C’D provided the point in question is not
too close to the singularity at C’. This would make du,/dx
large compared with du,/dx’ and would invalidate the
assumption of Eq. (9).

A

Fig. 1 Sketch of transonic velocity distribution on an airfoil.
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Consider now interpolation or extrapolation in the region
BB’. An extrapolation for u,(x’) can be made using a Taylor
series expansion about some point x, close to B. Thus,

a
uo(x)=uo(xpf)+(x‘x,f)( B,l\i(') > +... (10)
*p

A similar analysis to that previously given leads to the result
’ e v 4
uxy=uy(x,) + o |# (X) —uy(x;)
0

€ € -, Ou
+ —[(— —1>6x5x, (x’)%?'

€ N\ €

(L)) )

If Qu, /3% and [duy/dx’ ] are sufficiently close and if

Ax, ~O[dx,x; (x")]

then the third term in Eq. (11) is negligible and again the
linear interpolation/extrapolation is equivalent to the strained
coordinate method. A similar analysis can be applied to the
region C”C’, in which case, if x; is close to C’, [du,/3%];
is very large and interpolation/extrapolation is not equivalerﬁ
to the strained coordinate method since [du,/dx], would
not be sufficiently close to the much more regular au':, /9x’ in
C”C’. Indeed, it is difficult to see how values in C”C’ can be
obtained by linear interpolation/extrapolation since this
would involve an expansion through the singularity at C’. It is
probably possible, however, to obtain a solution in CC" if the
shock jump relations are used at B” to get values at C” and a
higher order interpolation used in C’'C”,

Consider now the behavior of the strained coordinate
method at the shock foot. The behavior of the velocity at C,
C’ is given by the form

u, (X) =1, (X;_) +o (X=X ) n(X—X,)

ug(x")=up(x;_) +op(x" —x)bn(x’ ~x;) 12)
where u; (X;_), uy(x;_) are values at B’ and B, respectively,
and «,, o, are constants depending on the shock strength and
the airfoil curvature. Using the strained coordinate method,
Eq. (2), gives for values just downstream of C”

u(x) =uy(x;_ ) +ay(x’ —x;)(x—x;)

+(e/eg) fuy (R ) —up(x)_ ) o, (X=X ) (X—X,)

—ap(x —X (X =x))) (13)
.From Egs. (3) and (5) it can be seen that

(X—=X,)=x"—x,+8x,(x,(x")—1)
If (x” —x/) =6 then, using Eq. (5),
(x—x,)=06[I+a(x")] (14)

where

at) =22 TR (15)
Substitution of Eq. (14) into Eq. (13) gives
u(X) =uy(X;_) +ogdnd+ (e/€g) {u; (¥%;_) —ug(x]_)
+a,8[1+a(x’)1md[I+a(x’)] —aydmd) (16)
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Since dx; is assumed small
Gd[I+a(x’)] ~bud
Then

u(x) = {uo(x;) +— Ly (%,_) ~ U (xs_)]}
€ | |

The form of the singular part of u(x) at C” can be found by
the above analysis to be

0, 8[ 1+ (e/€p)a(x’) 1end[ 1+ (e/€p)a(x’)]

where «, is some constant. ;
Since a(x’) is small this can be reduced to

o, [8nb+ (86nd) (€/€5)a(x") ]
Thus,
Ond=8[1+ (e/€g)a(x’)]
oL+ (e/eg)a(x") 1} [1—(e/eg)a(x"))
Substitution in Eq. (13) gives

u(x) ={ug (x;) + (e/eg) [u; €x;_) ~uo(x5_) 1}
+ [a0+ (e/€p) (aj—og) + (€/¢€p) <1— —:;)a(x’)(a,—ao)]

XO[1+ (e/ep)a(x) {1+ (e/€p)a(x’) ]} (18)

Since we are dealing in small perturbations it is obvious that
(ay—a,) is small and, hence, the term e/e, [1-
(e/eg)la(x’) (a; —a,) can be neglected in Eq. (18). It can
then be seen that the strained coordinate system not only
transfers the shock to its correct location, from Eq. (1), but
also introduces the correct shock foot singularity with a

-strength  [ay+ (e/€p) (o; —ay) ], obtained by linear in-

terpolation of the strengths at C, C’. Thus in the strained
coordinate method the treatment of the shock foot singularity
is consistent with the treatment of the smoother parts of the
solution.

Conclusions

The strained coordinate interpolation method used for
transonic flows has been compared with normal in-
terpolation/extrapolation procedures. It is found that both
methods are essentially equivalent in smooth regions of the
solution. However, normal linear extrapolation does not
appear to be applicable in the region just behind a shock wave
where the acceleration is infinite. The strained coordinate
method does move the shock and its associated shock foot
singularity to the correct location and scales the strength of
the singularity according to linear interpolation.
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